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Lecture IX

Non-homogeneous linear ODE, method of undetermined coefficients

1 Non-homogeneous linear equation

We shall mainly consider 2nd order equations. Extension to the n-th order is straight
forward.

Consider a 2nd order linear ODE of the form
V' + @)y +ql@)y =r), wel, (1)
where p, ¢ are continuous functions. Let y,(z) is a (particular) solution to (1). Then
Yp + (@)Y, + a(@)y, = r(x).
Let y be any solution to (1). Now consider Y = y — y,, satisfies
Y" +p(x)Y' 4+ q(x)Y = 0.

Thus, Y satisfies a homogeneous linear 2nd order ODE. Hence, we express Y as linear
combination of two LI solutions y; and y,. This gives

Y = Ciyi + Cay

or
y = Ciy1 + Coya + (2)

Thus, the general solution to (1) is given by (2). We have seen how to find y; and ys.
Here, we concentrate on methods to find y,,.

1.1 Method of undetermined coefficients
This method works for the following nonhomogeneous linear equation:
ay’ +by' +ey=r(z), z€T (3)

where a, b, ¢ are constants and r(x) is a finite linear combination of products formed
from the polynomial, exponential and sines or cosines functions. Thus, r(x) is a finite
linear combination of functions of the following form:

sin Bx
eoexxm{ /6

cos fx '’

where m is a nonnegative integer.

Suppose
r(z) =r(z) +ro(x) + - + ().

If y,i(x), 1 <i<mnis a particular solution to

ay” + by + cy = ri(z),
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then it is trivial to prove that

Up(®) = Yp1 () + Yp2(@) + -+ + Ypn(2)

is a particular solution to
ay’ + by + cy = r(z).

Hence, we shall consider the case when r(x) is one of the r;(x). Thus, we choose r(x)
to be of the following form:
eawxm{ sinﬁx

cosBx

Rule 1: If none of the terms in r(z) is a solution of the homogeneous problem, then
for y,, choose a linear combination of r(x) and all its derivatives that form a finite set
of linearly independent functions.

Example 1. Consider
y" — 2y + 2y = wsinw.

Solution: The LI solutions of the homogeneous part are e® cos z and e” sinx. Clearly,
neither z nor sin z is a solution of the homogeneous part. Hence, we choose

Yp(z) = axsin(x) + bxr cosx + ccosx + dsin z.
Now substituting into the governing equation, we get
(a+2b)x sin x4 (—2a+b)x cos v+ (2a—2b—2c+d) cos x+(—2a—2b+c+2d) sinz = xsin z.
Hence
a+2b=1, —2a+b=0, (2a—2b—2c+d)=0, (—2a—2b+c+2d)=0.

Solving, we get

1 2 2 14
a=—-,b==-,c=—,d=—
5 5 25 25
Hence, the general solution is
“(Creosa + Cysing) + Lrsin(z) + rcost + o cosz + o2
=e cos T sinx) + —xsin(z) + -z cosT + — cosT + ——sinx
Y ! 2 5 5 25 25

Aliter: (Annihilator method) Writing D = d/dx, we write
(D* — 2D + 2)y, = wsin .
Note that (D? + 1)?zsinz = 0. Hence, operating (D? + 1)? on both sides, we find
(D* 4+ 1)%(D? — 2D + 2)y, = 0.

The characteristic roots are found from (m? + 1)}(m? — 2m + 2) = 0. Thus, m =
—1 4 ¢ and m = £i, =i. Now solution to this homogeneous linear ODE with constant
coefficient is

Y, = €°(c1cosx + casinz) + (¢ cosx + ¢y sinx) + x(cs5 cos & + cgsinx)
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Since, the first two terms are the solution of the original homogeneous part and hence
contribute nothing. Thus, the form for y, must be

Yp = (c3cosx + cysinz) 4+ x(cs cosx + cgsinx),

which conforms with previous form.

Rule 2: If r(z) contains terms that are solution of the homogeneous linear part, then to
choose the trial form of y, follow the following steps. First, choose a linear combination
of r(x) and its derivatives which are LI. Second, this linear combination is multiplied
by a power of z, say o, where k is the smallest nonnegative integer that makes all the
new terms not to be solutions of the homogeneous problem.

Example 2. Consider

y' — 2y — 3y = xe ",

Solution: The LI solutions of the homogeneous part are e=® and e3*. Clearly, e*

is a solution of the homogeneous part. Hence, we choose y,(x) = z(aze ™ + be™%).
Substituting, we find
e *(—4b+2a — 8ax) = xe™®

This, gives —4b + 2a = 0,—8a = 1 and thus a = —1/8,b = —1/16. Thus, the general

solution is

”%6 (22 + 1)

Aliter: (Annihilator method) Writing D = d/dx, we write
(D* —2D — 3)y, = xe™*,

y = Cre " + Coe® —

Since (D + 1)%ze™® = 0, operating (D + 1)? on both sides we find
(D+1)*(D*—2D —3)y, =0

The characteristic roots are found from (m + 1)2(m? — 2m — 3) = 0. Thus, m =
—1,—1,—1,3. Now solution to this homogeneous linear ODE with constant coefficient
is

Yp = 1™ + e (cy + 37 + c477)

Since, the first two terms are the solution of the original homogeneous part and hence
contribute nothing. Thus, the form for y, must be

Yy, =€ “(cax + cux?),
which conforms with the previous form.
Example 3. Consider

y"' — 2y +y = 6xe”

Solution: The LI solutions of the homogeneous part are e and ze®. Clearly, both
e”, ze” are solutions of the homogeneous part. Hence, we choose y,(z) = x?(aze®+be®).
Substituting, we find

e”(2b + 3ax) = 6xe”

This, gives a = 1,b = 0. Thus, the general solution is

y=¢€°(Cy 4+ Cox + x3)
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Example 4. Consider
y" — 3y + 2y =10 + dze*.

Solution: The LI solutions of the homogeneous part related to the characteristic
equation

m?*—=3m?*+2m=0 = m=0,1,2
Thus the LI solutions are 1,e* and e**. Clearly, e?* and 10 are solutions of the ho-

mogeneous part. Hence, we choose y,(z) = ax + x(bxe** + ce**). Substituting, we
find
2a + (6b + 2¢)e* + 4bxe® = 10 + 4w

This, gives a = 5,0 = 1 and ¢ = —3 Thus, the general solution is
y = C) + Cye® + C3e* + 5x + > (2 — 3x)
Aliter: (Annihilator method) Writing D = d/dx, we write
(D? — 3D +2D)y, = 10 + dze*".
To annihilate 10 we apply D and to annihilate ze?®, we apply (D — 2)2. Thus,
D(D —2)*(D? = 3D +2D)y, =0

The characteristic roots are found from m(m — 2)*(m?® — 3m + 2m) = 0. Thus, m =
0,0,1,2,2,2. Now solution to this homogeneous linear ODE with constant coefficient
is

Yp = C1 + Cox + c3e” + e*(cy + c5x + cex?)

The terms with ¢q,c3 and ¢4 are the solution of the original homogeneous part and
hence contribute nothing. Thus, the form for y, must be

Y, = Co + € (c57 + ce7?).

which conforms with the previous form.



